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Abstract : In the recent paper, Kim-Rim have studied interesting twisted g-Euler numbers 
f-H ' and polynomials. In |8J, Kim- Rim suggested the question to find a q- analogue of the p-adic twisted 

(h, <7)-Munction which interpolates generalized twisted (h, g)-Euler numbers attached to x- This 
question is remained open. The purpose of this paper is to give the answer of the question. 

& ' 

a: 

1. Introduction 

J> ' Let p be a fixed odd prime number. Throughout this paper, Z p , (Q) p , C and C p are respectively 

denoted as the ring of p-adic rational integers, the field of p-adic rational numbers, the complex 
numbers field and the completion of algebraic closure of Q p . Let v p be the normalized exponential 
valuation of C p with \p\ p = p-Mv) = I. 

When one talks of g-extension, q is considered in many ways such as an indeterminate, a complex 
number q 6 C, or p-adic number g 6 C p . If q E C one normally assumes that \q\ < 1. If q £ C p , 
we normally assume that |1 — q\ < p~i^T , so that q x =exp(a;logg) for \x\ q ^ 1. 
We use the notations as 



o 
^— > 

N ? = -^- = l + q + q 

> 
X 



2 1 - + 



X ]_„ = l_L^! = l_ g + ga_ g 3 + ... + ( _ 1) *gX-l. 



Let UD(Z P ) be the set of uniformly differentiable function on Z p . For / £ C/£)(Z P ), Kim 
originally defined the p-adic invariant (/-integral on Z p as follows: 



r i p 1 

^ (/)=// (x) d^ q (x) =lim——J2f (x) <f , cf. [6], [7], [ITI, 



where N is natural number. Let 



r i p 1 

/x (/) = lim/, (/)=// (*) d W (i) = lim £ / ( 

(11. f iV J* OO // 

4 x =o 
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where N is a natural number (see [2J, [5], 0], [5], [S])- 

Let <i be a fixed integer. For any positive integer N, we set 

X = X d = fim (Z/dp N Z) , 

N 

X* = |J (a + dpZ p ), 

0<a<dp 

(a,p) = l 



a + = {x G X : x = a (moddp N )} 



where a G Z lies in ^ a < dp N . 
Let us define I- q (/) as 



/_,(/)= lim /,(/)= / f(x)d- q (x) 



This integral, 7_ g (/), can be considered as the g-deformed p-adic invariant integral on Z p in the 
sense of fermionic, cf. [3], [4], [5], [6], [8]. 

In [5] , multiple q-Euler polynomials of higher order were defined by 

E ( n h q k) (x) = J ■ ■ ■ J [x + x x + ■ ■ ■ + x k ] n q *^d^ q (x) ■ ■ ■ dp_ q (x) , 

Zp Zp 

fc-timcs 

where h € Z, k € N. The q-Euler polynomials of higher order at a; = are called q-Euler numbers 
of higher order. 

In [T], Carlitz originally constructed g-Bernoulli numbers and polynomials. These numbers and 
polynomials are studied by many authors (see [7], [8], [10], [H]). In particular, twisted (h,q)- 
Bernoulli numbers and polynomials were also studied by several authors (see [9], [10], [TT]). 

In [8] , Kim- Rim introduced an interesting twisted q-Euler numbers and polynomials associated 
with basic twisted q-Z-functions and suggested the following question: 

"Find a g-analogue of the p-adic twisted Z-function which interpolates generalized twisted g-Euler 
numbers attached to %, -E n ,M>,x,9-" 

In this paper, we give some interesting properties related to twisted (h, q)-Euler numbers and 
polynomials. The final purpose of this paper is to construct p-adic twisted Euler (h, q)-Z-function 
which is a part of answer for the question in |8J . 



2. p-adic Invariant Integral on Z p Associated with Twisted (h, q)-Euler Numbers and 
Polynomials 

Let h G Z and q G C p with |1 — q\ < p^p^ . From the invariant integral on Z p in the sense of 
fermionic, we define 

J_i(/)= lim /,(/)= f f(x)d^ 1 (x), 

Z p 

where / eUD (Z p ), cf. [3]. Note that 7_i (/i) + J_a (/) = 2/ (0), where h (%) = f (x + 1). Let 
C»" = {£ : £ p = l} be the cyclic group of order p n and let T v = lim C v n = C p =. Then T v is 
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p-adic locally constant space. For £ € T p , we denote by (j>^ : 7L V — > C p denned by ^ (x) = £ x be 
the locally constant function. If we take / (x) — 0^ (x) e tx , then we have 

J e te 5 (x) dv-x (x) = i-qTj, (see [3]). (1) 

z P 

In complex case the twisted Euler numbers were defined by Kim- Rim [8 

^ n— 

where |log£ + t\ < n. Thus we have 

x n 4>£ (x) dfi-i (x) = E n £, (n > 0) . 



By using iterative method of p-adic invariant integral on Z p in the sense of fcrmionic, we see that 

n-1 

J_a (/„) = (-1)" 7_i (/) + 2 2 (-I) 71 " 1 -' / (0 , (2) 
where /„ (x) = f (x + n). If n is odd positive integer, then we have 

n-1 

/_!(/„)+/_!(/) =2^ (-!)'/(/). (3) 



2=0 



Let x be the Dirichlet's character with conductor c? (=odd)s N, and let / (x) = \ (x) (j>£ (x) e tx € 
UD (Z p ). From ([3]), we can derive the following: 



Now we dehne twisted generalized Euler numbers attached to % as follows: 

2EtSx(a)fr(s)e ot ^ 

From (P) and J3J), we note that 



^"0? 0*0 X 0*0 ^M-l (&) = (5) 



In [5J, (/i, g)-Euler numbers were defined by 

E n h f(x) = { q( h -^[x + y} n q dn- q (y), 
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where h € Z. E^q 1 ^ (0) = Er^q will be called (h, g)-Euler number. In the special case /i = 1, we 
note that \im E^.ip = E^.'q 1 ^ becomes g-Euler numbers, which were originally defined by Kim [BJ. 

h— >l 

That is lim-E^ = E ni ] = 



In the viewpoint of ([5]), we consider twisted (h, <7)-Euler numbers using p-adic invariant g-integral 

■nic 

E n£l 0=) = / i [h - 1)v h (y) [* + vT q d»- q (y) , (6) 



on Z p in the sense of fermionic as follows: 



which are called twisted (h, g)-Euler polynomials. In the special case x = 0, we use notation 
E n£q (^) = E< n^q which are called (h, q)-twisted Euler numbers. Note that 



n\ n (n — 1) • • • (n — j + 1) 



j'=o 

where 



From ([7]), we note that 

oo 

fiW^^EHf^^ + C (8) 



fc=0 

where /> 6 Z, n 6 N. Equation © is equivalent to 



a=0 



(distribution for E^'^ q (x)), where ra, c?(= odd) 6 N. 

Let x be the Dirichlet character with conductor / (= odd) G N. Then we define the generalized 
twisted (h, g)-Euler numbers attached to x as follows: For n 0, 

E n£L = J X (x) q^- 1 ^ K d^- q (x) , (9) 

X 

where h E Z. Note that E^'^ = E n>Xtq% see [3J. From we also derive 

= [/r;|^Ex(«)(-irr^<^(y) 

oo 

= [2] 9 ^x(fc)(-l) fe ?V lfe [^, (10) 
fc=i 

where n, d (— odd) G N. 

3. Twisted (h, g)-Euler Zeta Function in C 

For q G C with |g| < 1, s G C, we define 
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Then we see that C^q\ ( s ) is analytic continuation in whole complex plane. We easily see that 

&(s) = C$; g 1) (s), seem- 

We now also consider Hurwitz's type twisted (h, g)-Euler zeta function as follows: For s £ C, 
define 

cgS(^) = [2] 9 g^]T' 

for s G C, h G Z. By © and (HI]), we see that 

Ca3(-n, a :)=<^(*) l 

where n 6 N, /i 6 Z. 

Let x be the Dirichlet's character with conductor / (= odd) G N. Then we define twisted (h, q)- 
Z-function which interpolates twisted generalized (h, (j)-Euler numbers attached to \ as follows: 
For s G C, h G Z, we define 

^(..rt-M.g sW(=gVg , (12) 

fe=i L*J, 

For any positive integer n, we have 

4 1) (-n,x)=4S,,^6N. (13) 



From ([TBI, we derive 



[91 ' 

L Jg/ a=1 V J 

Let s be a complex variable and let a and F (= odd) be integer with < a < F. We consider 
the following twisted (h, g)-harmonic sums (or partial (h, g)-zeta function): 

(M), , en _ V- (-l)"V m £™ 



777- 

m=0(modF) L '1 

m>0 



'I 

Thus we have 



00 (_l) a +" F qh{a+nF) £a+nF 

L ^ J « [2] F W^^'fJ' 



rx(M) /. .1^ _ rrn-« (-l^f Al) f «A n4 N 
H E,q^( S ' a \- t > ~ l^lq ^E,£ F ,q F ^ ' J ' ( 14 ) 



[2] 
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By dUD, (USD and (fllj). we see that 

j£f x) = [2] q J2 X (a) (s, a\F) . (15) 

a=l 

From (fT4|) . we note that 

where n is a positive integer. By (fTU|) , (fT5|) and (fir]]) , we see that 

The Euler (ft, g)-twisted harmonic sum H^'^l (s, a\F) will be called partial twisted (ft, g)-zeta func- 
tion which interpolates twisted (ft, g)-Euler polynomials at negative integers. The values l^c (s, x) 
are algebraic, hence regarded as lying in the extension 



4. p-adic Twisted Euler (ft, g)-Z-Function 

[x] 

Let lj (x) be the Teichmiiller character and let (x) q = {x) = -^-pj- When F (= odd) is multiple 
of p, and (a,p) = 1, we define p-adic partial (ft, g)-zeta function as follows: For ft G Z, q G C p with 
|1 — q\ p < p~p^ , we define 



PI.' V i J \ M, 



where s G Z p . Thus we note that 



[2] 



8* 



3=0 w \ 8 



" 1 ] « [2]^ () "^1? 

= W -»(a)^(-n,o|F). 

Therefore, we obtain the following formula: 

H E,iL (-«, = («) 4*5 (-». • (17) 

Now we consider p-adic interpolating function for twisted generalized (ft, g)-Euler numbers at- 
tached to x as follows: 

ft2 ( s < X) = [2], £ X (a) H%£l e (s, a\F) , (18) 

a=l 

(a,p) = l 
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for s 6 Z p . Let n be a natural number. Then we have 



0=1 

(a,p) = l 



PI.- 

(a,p) = l 



= e (-i) Q x--"(a)r^i^(|) 



(a,p) = l 



Therefore we obtain the following theorem: 

Theorem : For s G Z p , we define p-adic twisted Euler (h, q) -I -function as follows: 

= E X(a)4 h i? 9 ,«(*.^) 

(-l)*X(fc)<W 



a=l 

(a,p) = l 



\% E 



TTiera we /lave 



(k,p)=i 



r(h,l) , \ i-i(/t,l) -n / \ r i« 1) 



Remark : From the above theorem, we note that 

j(M) 
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